The results of an experimental and analytical program to develop stressstrain relations for a granular medium are presented.
INTRODUCTION
Technological advances in soil mechanics have followed a different development pattern from strength of materials and elasticity theory for structural and machine design applications.
While elasticity theory is capable of predicting most structural and machine design behavior within design accuracy, there is no corresponding theory for soil mechanics.
Mathematical description of soil behavior is extremely difficult.
In addition to having elastic characteristics under certain loadings, its behavior can be plastic, viscoelastic or thixotropic under other situations. The development of a mathematical theory which encompasses all these characteristics, even as an engineering approximation, has not been accomplished. The acceptable mathematical complexity of any material description is limited by the ability to solve practical boundary value problems with the description. Although numerical methods and digital computers have recently extended the acceptable mathematical complexity, there are considerations in soil mechanics, such as material stability, that are still beyond these extended capabilities.
Most efforts to deduce useful mathematical results for practical soil mechanics problems fall into two categories. The first of these is elementary, three dimensional, theories which describe a limited type of behavior. The idealizations of Elasticity, Plasticity and Coulomb theory represent examples 1 Work presented in this paper was sponsored by ARPA Contract SD-86.
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of this approach. The results obtained using these methods in soil mechanics have been more helpful in establishing trends rather than providing quantitative answers.
The second category is equations which have been deduced empirically to predict behavior under certain circumstances. Most design formulas fall into this category. The results in this category often have a theoretical basis but, in the long run, rely on empiricism. This approach in soil mechanics has provided the technical basis for practically all design and will probably continue to play this role for many years.
The work presented here falls into the first category.
The idealization under consideration is, broadly speaking, a granular medium. This means the behavior is time independent (the stress-strain equations do not have a characteristic time). A pore pressure is not included in this formulation although it is thought to be straightforward to include this phenomenon in the theory.
Even in this restricted area adequate mathematical representations of material behavior is lacking. The most common representation for granular materials is the Coulomb theory. The basis for this theory is that whenever on any plane the ratio of resolved shearing stress to the sum of the normal stress and a constant called the "cohesive strength" reaches a critical value, the material flows. The description of how the material flows is the part of this theory that is inadequately resolved. One approach which is used, for example, in
Terzaghi's text 1 is to assume the flow is incompressible. It is well known that granular media can expand or compact during flow. Another objection to the incompressibility assumption is that Drucker 2 has shown that normality of the The work presented here is a different attempt to formulate stress-strain equations for granular materials which are predictive and yet tractable. The notion of a limit surface has been modified to make the presentation of this theory straightforward. A relationship is introduced between the mean normal stress, the density and the rate of change of volume. The result is a specific three-dimensional theory that predicts several phenomena which earlier theories could not. Experimental results from shear tests are used to give a critical evaluation of the theory which suggests it is an engineering compromise between accuracy and complication which should be adequate for many practical situations.
THEORY; GENERAL CONSIDERATIONS
This development depends on several physical assumptions which are stated here at the onset so the mathematical development can proceed without interruption.
When an element of a granular medium, large enough to be treated as a continuum, is loaded monotonically, it responds elastically and it is assumed that one of two phenomena occur when the load becomes sufficiently high. The first is that the individual grains crush. This will occur, for example, if the loading is hydrostatic compression. The second is that the element distorts due to shearing motion as in a shear test. Undoubtedly some particles fracture during shearing, but this is neglected. The only response which this theory considers is the shearing response.
The magnitude of the shear stress required to initiate flow is assumed to be a function of the mechanical state of the material and mean normal stress.
This mechanical state is assumed to be measured by the specific volume of the material.
In conventional plasticity theory the yield surfaces are all cylinders in principal stress space and are identified by their cross section on the n plane (the Mises condition is a circle while the Tresca condition is a hexagon). The
Coulomb condition is a six sided pyramid in principal stress space.
On the 1 plane a six-sided figure with threefold symmetry results.
In the theory developed here, a surface of revolution will represent the limit surface at any time.
The intersection of a w plane with the surface of revolution will be a circle whose radius depends on the mechanical state. This choice of limit surface makes possible an approximation to Coulomb theory and is mathematically easier to work with than the Coulomb theory for many problems.
Experiments, such as shear box tests, indicate that when flow is induced, there is a volume change. As shearing proceeds, the volume reaches an equilibrium value which is related to the normal load applied during shearing. If the specific volume is above (below) its equilibrium value when shearing commences, then the specific volume decreases (increases) during the shearing flow and approaches the equilibrium value.
In order to incorporate the above ideas into a theory, it is convenient to work in a strain space rather than a stress space owing to the mechanical state being described in terms of specific volume.
The reduced elastic components of strain are deduced from the difference of the total reduced strain e and the reduced inelastic strain a . The stresses and elastic strains are to be related through a linear Hooke's law so that the Mises condition may be written as 
The first property simply implies that when there is no mean normal compression, there is no resistance to flow. The second property adjusts the reference state from which the plastic volume change is measured. Fig. 1 depicts the loading surface graphically.
A second function is introduced to determine the equilibrium volume for a given mean normal stress. The function is denoted by at(a) or abbreviated as ao .
The requirements for inelastic flow to occur are that the Mises condition
be satisfied and that a loading condition, deduced by differentiation of the Mises condition, inequality, 
p 2 + (p2),a h 11 so that, by noting Eq. 5, X is positive when p 2 + 1 (p 2 ), h is positive.
When A is positive, it simply means that the projection of the deformation rate vector on the w plane at point A is directed radially outward from the where K and G are functions of a and a .
Eqs. 4, 5, 10, 11, 12 and 13 complete the constitutive formulation for the material. For the solution of boundary value problems, the equilibrium equations and strain compatibility equations must be included to form an appropriate set of field equations.
THEORY; SIMPLEST CASE
In order to make a practical evaluation of the formulation presented in the preceding section, a specific choice has been made for each of the functions p(a,a), a°(a) and h(a,a° -a) . The simplest case which yields qualitatively correct predictions for elementary deformations is as follows where a and G(o,a) are in psi.
COMPARISON OF SIMPLEST THEORY WITH EXPERIMENTAL RESULTS
The comparison with experiment to be presented here is based on 77 shear tests which were run on locally quarried quartz sand. The shear test apparatus is shown graphically in Fig. 2 There are many drawbacks to using such tests for the evaluation of constitutive relations. The most obvious is that the state of deformation in the sample is not uniform. It will be observed in the following that a number of assumptions is required in order to reach a critical evaluation of the theory from these tests.
A typical set of data for a compacted sand is sketched in Fig. 3a . If the data beyond about two grain diameters is observed, it is seen that the average specific volume decreases while the shear load also decreases. As the shearing progresses, both T and 6 appear to asymptotically approach constant values. V The authors have ignored 6H displacements of less than two grain diameters because extraneous settling and orientation effects are occurring which would 8 Weidler, J. B., "The Flow Behavior of Sand at Failure," Brown University, Division of Engineering Report ARPA E59, August 1968.
possibly not be present in a natural, undisturbed foundation.
When a loose sand is tested, the results follow the pattern shown in Fig. 3b . 
This equation then determines G(a,a)h1 for each shear test in terms of the constants GoPl ' o I a which have already been determined and the measured values a , a and d6v/d6H * As before a is approximated by -N A and the procedure is straightforward. The value given for G(O,a) from Eq. 23 then makes possible a determination of h1 for each experiment. As h1 was supposed constant in the theory, this calculation procedure furnishes a crucial test for the theory. Fig. 7 shows the results of the calculations for h1
Whether or not 
